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LIce stream modeling

Ice streams

» lightly grounded;
» low driving stresses;
» high speed: 300 - 900 m/year.

»
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LIce stream modeling

Ice stream modeling

3-Dimensional models
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» all stresses are included;

» computationally time demanding.
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Ice stream modeling

MacAyeal-Morland model

» ice-shelves: basal stresses neglected (Z is integrated out — 2-D)
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» ice-streams: the basal drag is added into the equations
RHSx=pgha + 7 c| | ,RHSy = gha + Cuy

Goal - include the basal drag in the derivation of the equations
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Mass-balance
Map-plane mass-balance equation
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h  thickness Ox, dy flux components
a accum. rate Uy, Uy vert.-aver. vel. components
Conservation of energy (temperature) equation
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Glen’s flow law
Stress in terms of strain rate

Effective viscosity

ol stress deviator tensor
¢  Sstrain rate tensor
¢  second invariant of ¢;
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Conservation of momentum

conservation of momentum

which can be written in compact form as
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Boundary conditions on surface and base

traction on any surface has components:

ti = ojn;, (i=x,y,2)
where i = (ny, Ny, N3) is unit outward normal.
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Boundary conditions on surface and base
on the surface z = z(x,y), which is traction free,
giin; = 0, where

_1
_ 0zs 0zs\2| [ 0zs Ozs
(n17n27n3)_{1+ (8X> + (W) } _a_xa ay7l

on the base z = z,(x,Yy), traction is specified as

aijnj = gn;, where

_1
. 0z 0z 2 2 0z, 0z
(n17n27n3)_{1+(ax) +<6y) } 6X78y7 1 ;

and ¢ is a traction in the local system of coordinates perpendicular to
nandy and n and X.
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Local normal and tangential to surface or bed
coordinate system {my, my,n}
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= (n3,0,—n3),
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I'TTyZ(ﬁX)?)Z N1 Ny N3
1 0 O

= (0,n3, —nz) Figure: Local normal and tangential to
surface or bed coordinate system

13



LModified MacAyeal-Morland model

Boundary conditions on the surface and the base

Tangential traction in the coordinate system {my, my, n}:

Oxx Oxy Oxz N3
Tx — na’mlx = (nl, Ny, n3) Oyx Oyy Oyz 0
Ozx Ozy Ozz —Ng

= n1n3(UXX — Uzz) + n2n30'>(y + (n% — n%)axz — nanO'yZ

Oxx Oxy Oxz 0
Ty = na’m/y = (n]_7 Ny, n3) Oyx Oyy Oyz N3
Ozx Ozy Ozz —n2

= NaNg(oyy — 077) + NiN3owy + (N5 — N3)oy; — N1NLoy;.

Boundary conditions on the surface: 7 = 0,7y =0.
Boundary conditions on the base: Tx = Ox, Ty = Oy,
where gy and gy are defined in the next slide.
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Basal Stresses in coordinate system (X,y, Z)
Assumptions in the

MacAyeal-Morland Model: f = (0,0, pgh)
Modified Model 1: f= (—Txﬁ, —Ty|”uTy|, pgh)
Modified Model 2: f— (axpgh%,aypgh%—zys, pgh)

wherery, 7y approximate till yield stresses,
1 for ice-sheets,
anday,ay =< (0,1) forice-streams,
0 for ice-shelves.
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Basal Stresses in coordinate system (my, my, n)
Transformation formulas
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Basal Stresses in coordinate system (my, my, n)
Modified Model 1
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Assumptions necessary to obtain "reduced”

MacAyeal-Morland model
Horizontal velocities and strain rates are uniform in depth:
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» For ice shelves, these assumptions are justified by their flat and

thin geometry;
» MacAyeal-Morland model for ice-streams uses these
assumptions for ice-streams as well.
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Modified MacAyeal-Morland model

Integration of the horizontal balance equation through the ice thickness
[zb, 5], together with surface and base boundary conditions, yields:

0

o . 0 .
X [27i0(2éxx + €yy)] + = (2/théxy) = RHS,

ay

where RHS is as follows in

MacAyeal-Morland Model for ice-shelves:  pgh%Z
MacAyeal-Morland Model for ice-streams:  pgh$s + Tcﬁ

Modified Model 1: pgh % ¢ <TX e - pghaZb> -

Modified Model 2: pgh%s — pgh (ax oz5 4 azb) Jox

1

whee 0o — (1 (527 + (57) (1 (3)7)

Modified equations take into account the bed profile.
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Modified MacAyeal-Morland model for flat bed
0

X

where RHS is as follows in

MacAyeal-Morland Model for ice-shelves: pghaZS
MacAyeal-Morland Model for ice-streams:  pgh 5= +rc| |

Modified Model 1: pgh S 4 Ty |q|
Modified Model 2: ghaZS — pghax 2

[27ih (2éxx + €yy)] By
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LModel Verification

Verification of the Modified MacAyeal-Morland model

To verify the model, we simulated the following problems:

» EISMINT 1 test: flow of an ice-shelf into which an ice-stream
discharges. Results are compared with MacAyeal (1994).

» 2-D simulation of a subglacial lake with Model 2:
o — o — { 0 over an artificial lake,
Ty 1 everywhere else.
» 2-D simulation of ice flow in a rectangular sheet-stream-shelf
embayment with Model 2:
1 in the ice-sheet area,
ax =< (0,1) inthe ice-stream area,
0 in the ice-shelf area.
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EISMINT 1 test: Initial and Boundary Conditions and
Finite Element Mesh
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Figure: Finite Element Mesh and Boundary Conditions. Mesh: 17x21
nodes, mesh resolution corresponds to 5 km. Boundary conditions: the
kinematic boundary condition associated with ice-stream input is specified
on the bottom 4 nodes of the right boundary; The ice front corresponds to
the right boundary; The lower boundary, line CD, is an axis of symmetry
across which there are no gradients in longitudinal velocity; The top
boundary and portion of the right boundary, not corresponding to the
inflowing ice stream, have zero velocity (no slip, no normal flow) boundary
conditions specified.
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Figure: Change of ice-front thickness at line of symmetry (point D in Fig. 3).
Equilibration is complete at about 400 years.
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Contour map of ice thickness

Figure: Contour map of ice thickness. Left: map generated by MacAyeal
(1994). Right: map generated by our program. The ice front is on the
left-hand side of the diagram; the ice-stream input is on the lower right-hand
side.
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Contour map of velocity magnitude

Figure: Contour map of velocity magnitude. Left: map generated by
MacAyeal(1994). Right: map generated by our program. The ice front is on
the left-hand side of the diagram; the ice-stream input is on the lower
right-hand side.
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Velocity vectors at the equilibrium

Figure: Velocity vectors after 400 years.
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Ice thickness along the axis of symmetry
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Figure: Ice thickness (m) along the axis of symmetry. Left: map generated
by MacAyeal (1994). Right: map generated by our program.
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Ice thickness along the transverse, midline, axis
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Figure: Ice thickness (m) along the transverse, midline axis of the ice shelf.
Left: map generated by MacAyeal(1994) (after 150 years of evolution).
Right: map generated by our program (after 400 years of evolution). Notice
that the ice thickness at the stagnant side (left) of the ice shelf is slightly
higher in our diagram than in the left diagram while the ice thickness in the
center of the shelf (right) is slightly lower than in the left diagram. This is the
result of depicting the thickness at different time of evolution.
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2-D simulation of a subglacial lake

Surface Evolution

Height (m)

0 100000 200000 300000 400000 500000 600000 700000 800000 900000
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Figure: Evolution of the ice surface after invoking the stress-free boundary
condition ax = ay = 0 at the middle of the domain; everywhere else

ay = ay = 1. The figure demonstrates the surface flattening over a lake and
creation of a rise on the down-flow edge of the lake.

o (w1 =
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2-D simulation of ice flow in a rectangular
sheet-stream-shelf embayment
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Figure: Finite Element Mesh and Parameter ay values along the middle line of the domain. Mesh: 51x11 nodes, mesh
resolution corresponds to 5 km. Ice is assumed to flow in x — direction: ice sheet flow (ax = 1) is assumed in the % of the
domain, ice stream (0 < ax < 1) is assumed in the % of the domain, and ice shelf (ax = 0) is assumed in the right part of
the domain. Boundary conditions: the left boundary - ice-sheet; The ice front corresponds to the right boundary; The top and
bottom boundary have zero y — component of velocity.
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Ice thickness along the middle line of the domain

Ice thickness
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Figure: Ice thickness (m) along the middle line of the domain after imposing
conditions ax = 1 on the left % of the domain, corresponding to ice sheet,

0 < ax < 1 on the middle % corresponding to ice stream, and ay = 0 on the
right % of the domain, corresponding to ice shelf. The figure demonstrates
the change of the surface curve from convex to concave over the ice stream
and flattening over the ice shelf.
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LSummary

Summary

v

MacAyeal-Morland model has been modified to include basal
friction in the derivation of the equations.

v

Equations allow to take into account the ice-stream bed profile.
Basal resistive force is specified as

» a fraction of velocity or
» a fraction (model parameter) of the driving stress.

v

v

In the first case, the derived equations are identical to
MacAyeal-Morland equations for ice-streams.

Simple tests have been used to verify the model.

v
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